weak transition form factors are estimated for the whole physical region with a method based on an instantaneous approximated Mandelstam formulation of transition matrix elements and the instantaneous Bethe-Salpeter equation. We apply the estimated form factors to branching ratios, CP asymmetries and polarization fractions of nonleptonic decays within the factorization approximation. And we study the non-factorizable effects and annihilation contributions with the perturbative QCD approach. The branching ratios of semi-leptonic B 
Introduction
In the past few years, charmless non-leptonic B s decays have been extensively studied [1] , however, the decays of B s to charmed particles are relatively less studied. Therefore, it is of urgent interest to put more attention on this topic. Semi-leptonic B 0 s → D [2, 3] , and the physics of CP violations [4] . Studies on B s decays to charmed particles can be used to check the factorization hypothesis [5] and to search for physics beyond the Standard Model (SM) [6, 7, 8] .
For weak decays, the transition form factors play an important role. Theoretically, to estimate the form factors of a relevant process, one has to rely on some non-perturbative approaches such as the Bethe-Salpeter (B-S) equation, quark models, QCD sum rules (QCDSR) and lattice QCD. Turn to B s → D ( * ) s weak transitions, several works have been done: Early works, e.g. [9, 10] , usually relied on the famous Bauer-Stech-Wirbel (BSW) model [11] . Authors of [12, 13] ρ + decays and measurements of their branching fractions [26] . Measurements of branching ratio for B 0 s → D − s l + ν l +"anything" are given to be (7.9 ± 2.4)% [25] . However, the exclusive semi-leptonic decay rates for B 0 s → D ( * )− s l + ν l processes have not been measured yet. It is expected that in near future more and more channels of B s decays will be precisely measured experimentally.
In this paper, we estimate B 0 s → D For non-leptonic decays, we estimate the branching ratios, CP asymmetries and polarization fractions of processes in the FA, and we also estimate the non-factorizable and annihilation contributions with the pQCD approach for B s → P P (P V form factors, first we use the improved Salpeter method illustrated in [27, 28] to obtain the wave functions of B s and D ( * ) s mesons. In these literatures the authors solved the full Salpter equations instead of only the positive energy part of the equation. Now we give a brief review on this method. Under instantaneous approximation, the well-known B-S equation
can be deduced to be the full Salpeter equation, which equals to the following coupled equations [16] :
Here χ P (q) is the B-S wave function of the relevant bound state. P is the four momentum of the state and p 1 , p 2 , m 1 , m 2 are the momenta and constituent masses of the quark and anti-quark, respectively. q is the relative momentum q = α 2 p 1 − α 1 p 2 , where
V (P, k, q) is the interaction kernel which can be written as V (k P ⊥ , q P ⊥ ) under instantaneous approximation. In our notations, q P always denotes q·P √ P 2 and q P ⊥ = q − q·P P 2 P . The definitions of η(q µ P ⊥ ), Λ ± 1(2) and ω 1 (2) are gathered as follows:
With these Λ ± , the wave function ϕ can be decomposed into positive and negative projected wave functions
In deriving the coupled equations (2), the decomposition of the Feynman propagator
where j = 1 for quark and j = 2 for anti-quark has been used. 
where a i (q P ⊥ ) and b i (q P ⊥ ) are wave functions of q 2
; M is the mass of corresponding bound state; ǫ λ is the polarization vector for J P = 1 − state. In numerical calculation, Cornell potential is chosen as the kernel, and the explicit formulation is (in the rest frame):
where the QCD running coupling constant α s ( q) = (2) could be found in [28] .
We now turn to evaluate weak transition form factors. The starting point is the Mandelstam formulation of transition matrix elements. Since the relevant wave functions are obtained from the B-S equation with instantaneous kernel, instantaneous approximation should be applied to the Mandelstam formulation which has been carried out in details in [30, 31, 32] . We now follow [30] to sketch the derivation of the instantaneous Mandelstam formulation as follows. According to Mandelstam formalism, the transition matrix element between two bound states induced by a current Γ µ , e.g. γ µ , γ µ γ 5 , is written as (5)), equation (8) can be deduced to
. . " represent the terms involving negative part (Λ − ). Since the contributions of negative energy parts are small, we can ignored them in equation (9) [30] . Actually we compared ϕ −− and
, which arise from the terms with Λ − ('s), to ϕ ++ of B s meson numerically. The wave function of B s drops to ∼ 0 when | q| ∼ 2.1 GeV, so the part with | q| > 2.1 GeV makes rare contributions. It is found that for the main part of the wave functions (| q| < 2.1 GeV), ϕ −− and
After integrating equation (9) over q i P i , one obtains
, with s r = α 2f P f P i − ω 2 . In calculation, the relation 1 =
has been used and again the negative part is ignored. The instantaneous transition matrix element used here, i.e. equation (10), is different from the one in [31] . In [31] , the instantaneous approximation is done in the initial particle's rest frame for both the initial particle and the final particle in the transition matrix element, whereas in this method, the instantaneous approximation is done in the relevant particle's own rest frame. It is found that, for the transitions of B c decaying to charmed particles, the two methods are consistent with each other; whereas for the transitions of B s decaying to charmed particles, the former generally gives larger form factors.
Recent years another method, in which the B-S equation also plays an important role as in our method, was extensively studied [33] and applied to describe meson observables [34, 35] .
In the method (referred as the DSE method for convenience), the rainbow-ladder truncation, which is a symmetry-preserving truncation that grantee the axial-vector vertices satisfying the propagators can be approximated as a constant. Thus significant differences appear in the light quark propagators. The propagators in the DSE could also exhibit confinement characters of QCD. The B-S kernel in the DSE method and in our method both have the one gluon exchange interaction which is described by the products of the strong running coupling constant and the free gluon propagator. Except that we use an instantaneous kernel while the DSE method does not, the differences of the kernels are, our kernel also involves a confinement potential, while in the DSE method the confinement is described by using quark propagators with no Lehmann representation. The basic concepts of the DSE method is attractive, however for applications involving a widely ranges of observables, further assumptions and parameterization are usually adopted [34] . For example, the B-S amplitude for a heavy meson used in [34] are obtained not by solving the B-S equation, but by assuming a parameterized form and then fitting the data to fix the parameters. Furthermore, the forms of the B-S amplitudes of heavy mesons are too simple compared to ours. Despite these differences in the propagators and the B-S amplitudes, the form of a transition matrix element in the impulse approximation in these works is the same as ours: the Mandelstam formulation.
Due to the argument of Lorentz covariance, the transition matrix element can be decomposed into several parts, where the form factors show up. As usual, we denote form factors by the following decompositions:
where 
where
And for the double charmedB 0 s decays, the low energy effective weak Hamiltonian for the ∆B = 1 transition is [36] ,
where V pq is the CKM matrix element with (p = u, c) and (q = d, s). C i (µ) are the Wilson coefficients. The local four-quark operators Q i can be categorized into three groups: the tree
, the QCD penguin operators Q i (i = 3, 4, 5, 6), and the electroweak penguin operators Q i (i = 7, 8, 9, 10). All these local four-quark operators are
where q x ranges from u, d, s to c. The subscripts α, β are color indices. The operator (ψ 1α ψ 2β ) V ±A ≡ψ 1α γ µ (1 ± γ 5 )ψ 2β . As usual, we define the combinations a i of Wilson coefficients
where N c is the number of quark colors and is taken as N c = 3.
Under the FA, the matrix element ofB 0 s → D +( * ) s X − two body decays can be factorized as [8, 11] 
when the meson X denotes a scalar (pseudoscalar), and
when X is a axial vector (vector). f 0 ± and f 1 ± are decay constants of particle X. The decay amplitudes for theB 0 s → D ( * )+ s +L − decays can be expressed
The decay amplitude of double charmedB 0 s decay can be written as [8] 
where λ p ≡ V pb V * pq and a p i ≡ a i + I p i with I p i given as follows:
The penguin loop integral function G(m p , k 2 ) is given by
where the penguin momentum transfer [37] . The ξ in equation (22) arises from the contribution of the right-handed currents and depends on the J P quantum numbers of the final state particles. The collected expressions of ξ are shown as follows:
where X denotes a D q (q = s, d) meson with its J P shown in the bracket just following it. The current quark masses encountered in G(m p , k 2 ) and ξ are taken from [25] and then evolved to the scale µ ∼ m b by the renormalization group equation of the running quark masses [36] :
and
2Nc . The number of quark flavors is denoted as f , which is taken as f = 5 in the present paper.
As indicated before, under the FA non-factorizable effects and the annihilation contributions are both neglected. But for double charmed B s decays they may contribute conspicuously, especially for CPAs, since it has been indicated that the annihilation diagrams usually make domain contribution on the strong phases according to the pQCD analysis. Thus in this work, we estimate the non-factorizable and annihilation contributions in the pQCD approach to make more reliable predictions on non-leptonic decays. Concretely, we will estimate the contributions from 
where each F LL(LR,SP ) e(n),a(n) (. . . ) corresponds to a certain diagram's contribution. The subscript "e"
represents factorizable emission (color-favored) diagrams; "en" represents non-factorizable emission diagrams; "a" and "an" represents factorizable and non-factorizable annihilation diagrams respectively. The superscript "LL", "LR" and "SP" correspond to the contributions from the (V-A)(V-A) operators, the (V-A)(V+A) operators and (S-P)(S+P) operators respectively. In this work, we calculate the factorizable emission contributions, which can be expressed in terms of form factors and decay constants, with our estimated form factors; and calculate the other contributions with the pQCD approach. The exact expressions of F e(n) , F a(n) can be found in [22] .
The decay width of a two-body decay is
where p is the 3-momentum of one of the final state particles in the rest frame ofB 0 s . Another important physical observable is CP asymmetry. Generally the amplitude for double charmedB 0 s decays considered here can be written as
The direct CP asymmetry arise from the interference between the two parts of the amplitude and is defined as
where the weak phase γ ≡ arg(−
with ǫ 1 = +1 for q = s, and ǫ 2 = −1 for q = d, respectively.
Besides the branching ratios and CP asymmetries, the polarization fraction of B s → V V (A) decays is another important observable. To illustrate the polarization fraction, one can write the decay amplitude as [38] 
are the momenta (masses) of the initial particle, the particle picking up the spectator quark in the final state and the other meson in the final state, respectively. Coefficients a, b and c are defined
and c = 2Cf
whereC denotes the term involving coupling constant, relevant
Wilson coefficients and CKM matrix elements in front of the hadron matrix element A. λ ′ s are the helicities of the final particles. Then the decay amplitude of various helicities can be given as
where M L , M and M ⊥ denote longitudinal, transverse parallel and transverse perpendicular part of the amplitude, respectively. The expressions of M's apply under the FA. For pQCD calculations certain terms corresponding to non-factorizable and annihilation diagrams should be added to each M. The momentum P V 1 and energy P 0 V 1 (P 0 V (A)2 ) are taken in the rest frame of the initial particle, i.e. B 0 s . The polarization fraction is defined as Fig. 1 and Fig. 2 for D − s and D * − s , respectively. The parameter-dependent uncertainty can be estimated by varying the input parameters of our model in a reasonable range. In this work we vary the parameters m b , m c , m s , λ and Λ QCD by ±5% to give the errors. In this section only, we denote the momentum transfer q ≡ P i − P f , instead of Q. It should be noticed that our theoretical estimations suffer other uncertainties arising from the instantaneous approximation, since the s-quark is not a heavy quark. It is well known that describing the inter-quark interactions by a QCD-inspired potential (which relates to the instantaneous kernel) works well for a meson consisting of a heavy quark and a heavy anti-quark (i.e. b(b), c(c)), but is questionable in describing light mesons. For the present case, as s-quark is not heavy enough, assuming the (anti-)quarks interact instantaneously may cause (maybe sizeable) uncertainties, which also means that retardation effects may give contributions (maybe sizeable). Till now the problem encountered here is not totally solved. But part of the retardation effects have been studied in [39] . In that work, the authors assume the confinement kernel as V s ∼ 1/(−q 2 0 + q 2 ) 2 and approximate it to be 1 q 4 (1 + 2q 2 0 / q 2 ) by expanding
Then the q 0 is replaced by its "on-shell" value, which are obtained by assuming that quarks are on their mass shells. The "on-shell" approximation imply that the considered meson should be a weak binding system. Finally, the total effect is adding a term
to V s . m and k are the constituent mass and momentum of the (anti-)quark. For heavy-light system, it is better to take m and k to be the heavy quark's mass and momentum. By using such a interaction kernel, some of the retardation effects could be incorporated in calculations. Of course, this method didn't solve the problem totally, because only some of the retardation effects are incorporated and we don't know how much they are. Thus we won't take this interaction kernel as a corrected version of our potential in equation (7) . But in order to obtain a qualitative feeling about the uncertainties arising from instantaneous approximation, we use the interaction kernel presented in [39] , which incorporated some retardation effects, to estimate the mass spectra and form factors and compare them to our results without retardation effects. It is found that the relative variations between the two sets of results are:
∼ 5% and
Due to the reason indicated before, we emphasize that the actual errors (caused by describing the inter-quark interaction with a potential) may be larger.
In Table 1 , we compare our form factors at q 2 = 0 with those from other approaches. This 
The amplitude of B 0 s → D ( * )− s l + ν l decays could be obtained by sandwiching equation (36) between the initial and final states, which reads
The width of a semi-leptonic decay is Γ = 
Non-leptonic B s decay
Now we can use the form factors to estimate the decay rates of B 0 s . The CKM matrix elements used in our calculation are [25] |V ud | = 0.97425, |V us | = 0.2252, |V ub | = 3.89 × 10 −3 , |V cd | = 0.230, |V cs | = 0.9735, |V cb | = 0.0406. Table 3 : Decay constants used in our calculation in unit of MeV. [25] 156 [25] Table 3 .
Other inputs in pQCD analysis such as the wave functions and the Jet function appearing in the non-factorizable amplitudes and annihilation amplitudes are taken as the same as in [22] .
With these input parameters, we calculate the branching ratios of non-leptonicB 0 s to charmed particle decays. The results are listed in Table 4 , together with those from other methods, as well as with available experimental data. The branching ratios of double charmed decays shown in the table are the CP averaged values: Now we turn to compare the our results with the pQCD results in [22] . The major difference X − in the unit of %. Our results with pQCD represent those with non-factorziable and annihilation contributions estimated in the pQCD approach. The parameters in [10, 12, 46] are replaced by the ones used in our paper: [14] . Experimental data are quoted from [25, 26] . 
between our pQCD corrected results and their fully pQCD results is that, for calculating factorizable color-favored contributions, we estimate them in terms of our form factors, while in [22] all the contributions are calculated in the pQCD approach. Besides, some input parameters are different between the two works. The comparison can be seen from Table 4 : most of the pQCD results are smaller than our FA results as well as the pQCD corrected results, but close to LCSR results. The Isgur-Wise form factor at maximum recoil in the pQCD is ξ Bs→Ds + = 0.44, whereas the corresponding quantity in our work is
Besides, authors of [22] found that the form factors from their pQCD calculations are similar with those from LCSR. Therefore, we can simply state that form factors from the pQCD approach in [22] are smaller than ours, which means that the discrepancies in decay rates between their pQCD results and ours could be attributed to the difference in form factors, rather than non-factorizable effects.
Thanks to the efforts done by Belle, CDF, D0 and other Collaborations, some experimental data of two-body non-leptonic B s decays are available now. We can see from Table 4 Table 5 . D 1 , D 2 are defined in equation (32) . Their values with the weak phase γ determine the direct CP asymmetries. We show both the CPAs estimated under FA and in the pQCD approach. The discrepancy between FA and pQCD (or our pQCD corrected results) is obvious and is found mainly arising from the strong phases. It should be mentioned that another method called QCD improved factorization, which can cover the non-factorizable effects as well as pQCD, makes quite different predictions on CP asymmetries of some decay modes compared to pQCD. The reason is that the leading sources of the strong phase are different between the two approaches [47] . According to our results in Table 5 , most of the direct CP asymmetries are too small to be tested experimentally for now.
The results of polarization fractions of B 0 s → V V (A) decays are listed in Table 6 , compared with other theoretical estimates and available experimental data. From the table, we can say that the non-factorizable contributions (and annihilation contributions when exit) do not give sufficient corrections on factorizations. Besides, it could be found that although our form factors are different from those in [22] , the polariztions are still similar, which tells that the polariztions are less affceted by the form factors. Please note that for decays with a D * s and a light meson (31, 32) ). In calculation, the weak phase is taken as γ = 68.8 • . We show the results with nonfactorziable and annihilation contributions estimated in the pQCD approach. The FA results are also shown in the brackets. 
